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Abstract
We establish an almost sure scaling limit theorem for super-Brownian motion
on Rd associated with the semi-linear equation ut =
1
2∆u + βu − αu2, where α
and β are positive constants. In this case, the spectral theoretical assumptions
that required in Chen et al (2008) are not satisfied. An example is given to show
that the main results also hold for some sub-domains in Rd.
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1 Introduction
Let Bb(R
d) (respectively, B+b (R
d)) be the set of all bounded (respectively, non-negative) Borel
measurable functions on Rd. Denote by Cb(R
d) the space of bounded continuous functions on
Rd. Let Ck,η(Rd) denote the space of Ho¨lder continuous functions of index η ∈ (0, 1] which have
derivatives of order k, and set Cη(Rd) := C0,η(Rd). Write C1b (R
d) for the space of bounded
functions in C1,1(Rd). Let L be an elliptic operator on Rd of the form
L :=
1
2
∇ · A∇+B · ∇,
where the matrix A(x) = (ai,j(x)) is symmetric and positive definite for all x ∈ Rd with ai,j(x) ∈
C1,η(Rd) and B(x) = (b1(x), · · · , bd(x)) is an Rd-valued function with bi(x) ∈ C1,η(Rd), i, j =
1, · · · , d. In addition, let α, β ∈ Cη(Rd), and assume that α is positive, and β is bounded from
above.
Let {Xt, t ≥ 0} be a super-diffusion corresponding to the operator Lu + βu − αu2 on Rd.
Denote by λc the generalized principal eigenvalue for the operator L+ β on R
d, i.e.,
λc = inf{λ ∈ R : L+ β − λ posesses a Green’s function}.
Let L˜ be the formal adjoint of L, the eigenfunction of L+β corresponding to λc will be denoted
by φ, and the eigenfunction of L˜ + β corresponding to λc will be denoted by φ˜. The operator
L + β − λc is called product-critical if φ > 0, φ and φ˜ satisfy 〈φ, φ˜〉 < ∞. In this case we
normalize them by 〈φ, φ˜〉 = 1. Engla¨nder and Turaev (2002) proved that if λc > 0, L+ β − λc
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is product-critical, αφ is bounded and the initial state µ is such that 〈µ, φ〉 <∞, then for every
positive continuous function f with compact support,
lim
t→∞ e
−λct〈Xt, f〉 = Nµ〈φ˜, f〉 in distribution,
where the limiting non-negative non-degenerate random variable Nµ was identified with the help
of a certain invariant curve. Engla¨nder and Winter (2006) improved the above result to show
that the above convergence holds in probability.
Chen et al (2008) established that the above convergence in probability result holds for a large
class of Dawson-Watanabe superprocesses. Moreover, if the following assumptions hold: (1) The
underlying spatial motion ξ is either a symmetric Le´vy process in Rd whose Le´vy exponent Ψ(η)
is bounded from below by c|η|α for some c > 0 and α ∈ (0, 2) when |η| is large (we also denote
its infinitesimal generator by L); or a symmetric diffusion on Rd with infinitesimal generator
L = ρ(x)−1∇ · (ρA∇) (1.1)
where A(x) = (ai,j(x)) is uniformly elliptic and bounded with ai,j ∈ C1b (Rd) and the function
ρ(x) ∈ C1b (Rd) is bounded between two positive constants; (2) β ∈ K∞(ξ) ∩ Cb(Rd) and α ∈
K∞(ξ) ∩ B+b (Rd); (3) λ1 := λ1(β) < 0 (λ1(β) is the smallest spectrum of L + β, and K∞(ξ) is
the space of Green tight-functions for ξ), then for every bounded measurable function f on Rd
with compact support whose set of discontinuous points has zero m measure,
lim
t→∞ e
λ1t〈Xt, f〉 =Mφ∞
∫
Rd
f(x)φ(x)m(dx), Pδx − a.s.
where φ is the normalized positive eigenfunction of L+β corresponding to λ1, M
φ∞ is the almost
sure limit of Mφt := e
λ1t〈Xt, φ〉 and m is the measure with respect to which the underlying
spatial motion is symmetric.
Note that if L is of the form (1.1), then the generalized principal value λc for operator
L+ β on Rd equals to −λ1(β). The assumptions (1), (2) and (3) above were used to guarantee
that the associated Schro¨dinger operator L+ β has a spectral gap and has an L2-eigenfunction
corresponding to λ1.
In this paper, we consider the supercritical super-Brownian motion on Rd, d ≥ 1, corre-
sponding to the operator 12∆u+ βu− αu2, where α, β are positive constants. Thus β /∈ K∞(ξ)
(here, ξ is Brownian motion), λc = β and
1
2
∆ + β − λc = 1
2
∆
has normalized eigenfunction φ = 1, which is not L2-integrable. Therefore this case was not
included in the setup of the above papers. On the other hand, the corresponding almost sure
limit theorem is known for discrete particle systems.
Using techniques from Fourier transform theory, Watanabe (1967) proved an almost sure
limit theorem for branching Brownian motion in Rd and in certain sub-domains in it. However,
the proof in Watanabe (1967) is thought to have a gap as expressed in Engla¨nder (2008). In
this paper, using the main idea from Watanabe (1967), we prove an almost sure limit theorem
for the super-Brownian motion and fill this gap in Proposition 3.1 and 3.2. In the more general
case where α, β ∈ Cη(Rd), α is bounded and positive, and β is compactly supported, we can
immediately apply the result in Chen et al (2008) to give an almost sure limit theorem.
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The remainder of the paper is organized as follows. In section 2 we give some preliminary
results about super-Brownian motion. The main results and the corresponding proofs are pre-
sented in section 3. However, in order to facilitate the understanding of readers, we first give
some of the basic results, which lead to our main theorems. In section 4 we will give an example
to show that the main results also hold for some sub-domains in Rd.
2 Super-Brownian Motion
Let MF (R
d) be the set of finite measures on Rd equipped with the topology of weak conver-
gence. Let Mc(R
d) be the subset of all compactly supported measures. The space of continuous
functions with compact support (respectively, non-negative) will be denoted by Cc(R
d) (resp.
C+c (R
d)). Let Cηc (Rd) denote the space of functions in Cη(Rd) with compact support. Denote
by λx the inner product for λ, x ∈ Rd. Denote by | · | the Euclidean norm.
Let ξ = (Ω, ξt,F ,Ft,Px) be a Brownian motion on R
d with transition semigroup {Pt, t ≥
0}. Suppose X = {W,G ,Gt,Xt,Pµ, µ ∈ MF (Rd)} is a time-homogeneous ca`dla`g super-Markov
process corresponding to the operator 12∆u+βu−αu2 where α, β ∈ Cη(Rd). More precisely, X
is a super-Brown motion with Xt ∈MF (Rd), t ≥ 0, and the Laplace functional
Pµ [exp(〈−f,Xt〉)] = exp(〈−u(t, ·), µ〉)
with µ ∈MF (Rd), f ∈ B+b (Rd), where u is the unique solution of the integral equation
u(t, x) +
∫ t
0
ds
∫
E
α(y)u(s, y)2P βt−s(x, dy) = P
β
t f(x),
where P βt f(x) := Px[e
R t
0
β(ξs)dsf(ξt)]. As usual, 〈f, µ〉 denotes the integral
∫
Rd
f(x)µ(dx). The
first two moments for Xt are given as follows: for every f ∈ B+b (Rd) and t ≥ 0,
Pµ[〈f,Xt〉] = µ(P βt f), (2.1)
Pµ[〈f,Xt〉2] = µ(P βt f)2 + 2
∫ t
0
ds
∫
Rd
α(y)(P βs f(y))
2µP βt−s(dy). (2.2)
For the definition of super processes in general, the reader is referred to Dynkin (1991, 2002)
or Dawson (1993), and for more of the definition in the particular setting above, see Engla¨nder
and Pinsky (1999).
In the sequel, we will assume that α and β are positive constants unless otherwise specified.
Let ϕλ(x) := e
iλx. For f ∈ Cc(Rd), denote its Fourier transform by f̂(λ) =
∫
Rd
f(x)ϕλ(x)dx.
Then f̂(λ) is continuous and
Ptϕλ(x) = (2pit)
− d
2
∫
Rd
ϕλ(y) exp
{
−|y − x|
2
2t
}
dy = ϕλ(x) exp{−1
2
|λ|2t} := P̂t(x, ·)(λ). (2.3)
Denote the transition density of Pt by pt(x, y), and let ρ(λ) := β − 12 |λ|2. Then
Pδx [〈f,Xt〉] = P βt f(x) = eβt
∫
Rd
f(y)pt(x, y)dy
= eβt
∫
Rd
f(y)pt(y, x)dy
3
= eβt
∫
Rd
∫
Rd
f(y)P̂t(y, ·)(λ)ϕλ(x) dλ
(2pi)d
dy
=
∫
Rd
∫
Rd
eρ(λ)tf(y)ϕλ(y)ϕλ(x)dy
dλ
(2pi)d
=
∫
Rd
eρ(λ)tf̂(λ)ϕλ(x)
dλ
(2pi)d
.
For f ∈ Cc(Rd), let gf (x) := Pδx [〈f,Xt〉] = P βt f(x). We will write g(x) for gf (x) if there is no
ambiguity. Then
ĝ(λ) =
∫
Rd
P βt f(x)ϕλ(x)dx
= eβt
∫
Rd
∫
Rd
f(y)Pt(x, dy)ϕλ(x)dx
= eβt
∫
Rd
f(y)
∫
Rd
ϕλ(x)Pt(y, dx)dy
= eρ(λ)t
∫
Rd
f(y)ϕλ(y)dy
= eρ(λ)tf̂(λ).
Hence,
g(x) =
∫
Rd
ĝ(λ)ϕλ(x)
dλ
(2pi)d
. (2.4)
Note that for each t > 0,∫
Rd
e−
t
2
ρ(λ)|ĝ(λ)|dλ =
∫
Rd
e
t
2
ρ(λ)|f̂(λ)|dλ
≤ eβ2 t
∫
Rd
e−
1
4
|λ|2tdλ
∫
Rd
|f(x)|dx
= e
β
2
t
(
2
√
pi√
t
)d ∫
Rd
|f(x)|dx <∞. (2.5)
Let A :=
{
f ∈ L2(Rd): f is continuous, f̂(λ) exists and continuous in λ,
f(x) =
∫
Rd
f̂(λ)ϕλ(x)
dλ
(2pi)d
and ∫
Rd
e−ερ(λ)|f̂(λ)| dλ
(2pi)d
<∞ for some ε > 0
}
.
By (2.4) and (2.5),
{
g(x) = Pδx[〈f,Xt〉]; f ∈ Cc(Rd), t > 0
} ⊂ A .
The next lemma is a version of Lemma 3.1 in Watanabe (1967) and the proof is similar, so
we omit the proof here.
Lemma 2.1 For every f ∈ C+c (Rd) and every ε > 0, there exist f1, f2 ∈ A such that
∫
Rd
(f2 −
f1)dx < ε.
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3 Limit Theorems
If f ∈ A , then 〈Xt, f〉 = 〈Xt,
∫
Rd
f̂(λ)ϕλ
dλ
(2pi)d
〉 = 1
(2pi)d
∫
Rd
〈Xt, ϕλ〉f̂(λ)dλ. Denote by Wt(λ) :=
e−ρ(λ)t〈Xt, ϕλ〉. Then we have the following lemma.
Lemma 3.1 {Wt(λ), t ≥ 0,Gt,Pδx} is a martingale for each λ ∈ Rd. If 2ρ(λ) − β > 0, {Wt(λ)}
converges almost surely and in the mean square.
Proof. For each λ ∈ Rd, by the Markov property and (2.3), we have
Eδx [Wt+s(λ)|Gs] = EXs
[
e−(t+s)ρ(λ)〈Xt, ϕλ〉
]
= e−(t+s)ρ(λ)〈P βt ϕλ,Xs〉
= e−sρ(λ)〈Xs, ϕλ〉 =Ws(λ),
so {Wt(λ),Gt,Pδx} is a martingale. By (2.2),
Eδx
[|Wt(λ)|2] = e−2tρ(λ)Eδx [〈Xt, ϕλ〉〈Xt, ϕλ〉]
= e−2tρ(λ)e2βt
[
(Pt cos λx)
2 + (Pt sinλx)
2
]
+2αe−2tρ(λ)
∫ t
0
ds
∫
Rd
[
(P βs cos λy)
2 + (P βs sinλy)
2
]
P βt−s(dy).
Note that
Pt cos λx = (2pit)
− d
2
∫
Rd
cos λy exp
{
−|y − x|
2
2t
}
dy
= (2pit)−
d
2
∫
Rd
cos λ(y − x+ x) exp
{
−|y − x|
2
2t
}
dy
= (2pit)−
d
2
∫
Rd
[cos λ(y − x) cos λx− sinλ(y − x) sinλx] exp
{
−|y − x|
2
2t
}
dy
=
cos λx
(
√
2pit)d
∫
Rd
cos λ(y − x) exp
{
−|y − x|
2
2t
}
dy
− sinλx
(
√
2pit)d
∫
Rd
sinλ(y − x) exp
{
−|y − x|
2
2t
}
dy.
Using the formula
∫∞
0 e
−x2 cos rxdx =
√
pi
2 e
− r2
4 , we have
I1 :=
cos λx
(
√
2pit)d
∫
Rd
cos λ(y − x) exp
{
−|y − x|
2
2t
}
dy
=
cos λx
√
pi
d
d∏
i=1
(∫
R
cos λi
√
2tzie
−z2i dzi
)
= cos λxe−
t
2
|λ|2 ,
where we have used the fact that “sinx” is an odd function on the real line in the second equality.
And similarly, we have
I2 :=
sinλx
(
√
2pit)d
∫
Rd
sinλ(y − x) exp
{
−|y − x|
2
2t
}
dy = 0.
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Thus
Pt cos λx = cos λxe
− t
2
|λ|2 .
Similarly,
Pt sinλx = (2pit)
− d
2
∫
Rd
sinλy exp
{
−|y − x|
2
2t
}
dy
= (2pit)−
d
2
∫
Rd
sinλ(y − x+ x) exp
{
−|y − x|
2
2t
}
dy
= (2pit)−
d
2
∫
Rd
[sinλ(y − x) cos λx+ cos λ(y − x) sin λx] exp
{
−|y − x|
2
2t
}
dy
=
sinλx
(
√
2pit)d
∫
Rd
cosλ(y − x) exp
{
−|y − x|
2
2t
}
dy
= sinλxe−
t
2
|λ|2 .
Through the above calculation, we finally get,
Eδx[|Wt(λ)|2] = 1 + 2αe−(2ρ(λ)−β)t
∫ t
0
e(2ρ(λ)−β)sds
=
{
1 + 2α2ρ(λ)−β
(
1− e−(2ρ(λ)−β)t) , 2ρ(λ)− β 6= 0;
1 + 2αt, 2ρ(λ)− β = 0. (3.1)
Thus if 2ρ(λ) − β > 0, then 0 < supt Eδx [|Wt(λ)|2] < ∞. An application of the martingale
convergence theorem implies that
W (λ) = lim
t→∞Wt(λ) (3.2)
exists almost surely and in the mean square. 
Denote by Λ = {λ : 2ρ(λ) − β > 0}. For every λ ∈ Λ, there is an exceptional null set Nλ.
The fact that Λ is uncountable yields {W (λ);λ ∈ Λ} can not be defined on the uncountable
union
⋃
λ∈ΛNλ, so we have to prove the uniform convergence of {Wt(λ)} on Λ or on some subset
of Λ.
Definition 3.1 Let µ ∈ Mc(Rd). The measure valued process {Xt, t ≥ 0} with initial state µ
possesses the compact support property if
Pµ
 ⋃
0≤s≤t
suppX(s) ⋐ Rd
 = 1, for all t ≥ 0.
Here the notation A ⋐ B means that A is bounded and A¯ ⊂ B.
For each µ ∈Mc(Rd), according to Theorem 3.4 and Theorem 3.5 of Engla¨nder and Pinsky
(1999), the corresponding super-Brownian motion with initial state µ possesses the compact
support property. Thus we have the following lemma.
Lemma 3.2 For each µ ∈Mc(Rd), Wt(λ) is analytic in λ on Rd Pµ-almost surely, for all t > 0.
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Proof. Since {Xt, t ≥ 0} corresponding to Pµ possesses the compact support property, then
for each t ≥ 0, ∫
Rd
|x|Xt(dx) < ∞ almost surely. By dominated convergence theorem, Wt(λ) is
differentiable in λ almost surely. Then Wt(λ) is differentiable in λ almost surely for all rational
t. Thus Wt(λ) is analytic in λ almost surely for all t ≥ 0 by the right continuity of W·(λ). 
The following lemma was given in Biggins (1992). To state it, we first introduce some
notations. The open polydisc centered at λ0 = (λ
0
1, λ
0
2, · · · , λ0d) ∈ Rd with radius ρ > 0 is
denoted by Dλ0(ρ) and defined by Dλ0(ρ) = {λ ∈ Rd : |λj − λ0j | < ρ,∀j}, and its boundary
Γλ0(ρ) is defined by Γλ0(ρ) = {λ ∈ Rd : |λj − λ0j | = ρ,∀j}. Denote by
C = {t ∈ Rd : 0 ≤ tj ≤ 2pi,∀j} and λj(t) = λ0j + 2ρeitj ,
so that Γλ0(2ρ) = {λ(t) : t ∈ C}.
Lemma 3.3 If f is analytic on Dλ0(2ρ
′) with ρ′ > ρ, then
sup
λ∈Dλ0 (ρ)
|f(λ)| ≤ pi−d
∫
C
|f(λ(t))|dt,
with C and λ(t) as defined above.
For each 0 < ε < β, denote by Λε := {λ : 2ρ(λ)− β ≥ ε}.
Proposition 3.1 For every ε > 0 and every x ∈ Rd, {Wt(λ)} converges uniformly on Λε,
Pδx-almost surely, as t→∞.
Proof. If λ ∈ Λε, then the martingale property of {Wt(λ), t ≥ 0} and (3.1) imply that
Eδx [|Wt+s(λ)−Wt(λ)|2] ≤ Eδx [|Wt+s(λ)|2]− Eδx [|Wt(λ)|2]
=
2α
2ρ(λ) − β [1− e
−(2ρ(λ)−β)s]e−(2ρ(λ)−β)t
≤ 2α
ε
e−εt. (3.3)
Given any λ0 ∈ Λε, we can find ρ > 0 such that Dλ0(3ρ) ⊂ Λε. We use Lemma 3.3 to deduce
that
sup
λ∈Dλ0 (ρ)
pid|Wt+s(λ)−Wt(λ)| ≤
∫
C
|Wt+s(λ(u)) −Wt(λ(u))|du, (3.4)
by (3.3) and Ho¨lder’s inequality,
Eδx
∫
C
|Wt+s(λ(u)) −Wt(λ(u))|du ≤ (2pi)d sup
λ∈Γλ0 (2ρ)
Eδx [|Wt+s(λ)−Wt(λ)|]
≤ (2pi)d
√
2α
ε
e−
ε
2
t,
so the left side of (3.4) converges to zero almost surely as t→∞ and hence, by a compactness
argument, we get the desired result. 
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Proposition 3.2 For every ε > 0, W (λ) is analytic on Λε.
Proof. As Wt(λ) converges uniformly on Λε to W (λ) and Wt(λ) is analytic in λ, standard
complex analysis gives the analyticity of W (λ), see Ho¨rmander (1973), Corollary 2.2.4. 
The following theorems and corollaries are the main results of our paper. But first, it would
be better to give a full statement of Lemma 3.4 in Watanabe (1967) which will be used below.
Lemma 3.4 If Y is a non-negative random variable such that P (Y > y) ≤ My−2, then for
every η > 0,
E(Y ) ≤ η +Mη−1.
Proof.
E(Y ) = −
∫ ∞
0
ydP (Y > y) =
∫ ∞
0
P (Y > y)dy ≤ η +M
∫ ∞
η
y−2dy = η +Mη−1.

Theorem 3.1 Assume f ∈ A and α, β are positive constants. Then for every ε such that
0 < ε < β2 and for every x ∈ Rd, there exists δ > 0 such that,
〈Xt, f〉 = 1
(2pi)d
∫
2ρ(λ)−β≥ε
W (λ)etρ(λ)f̂(λ)dλ+ o(e(β−δ)t), Pδx − a.s.
where W (λ) is defined by (3.2).
Proof. If f ∈ A , then f(x) = ∫
Rd
f̂(λ)ϕλ(x)
dλ
(2pi)d
. Hence,
〈Xt, f〉 = 1
(2pi)d
∫
2ρ(λ)−β≥ε
W (λ)etρ(λ)f̂(λ)dλ
+
1
(2pi)d
∫
2ρ(λ)−β≥ε
(Wt(λ)−W (λ))etρ(λ)f̂(λ)dλ
+
1
(2pi)d
∫
2ρ(λ)−β<ε
Wt(λ)e
tρ(λ)f̂(λ)dλ
:=
1
(2pi)d
(I1(t) + I2(t) + I3(t)).
First we shall show that
Pδx [ lim
t→∞ e
−(β−δ)tI3(t) = 0] = 1. (3.5)
Since f ∈ A , there exists c > 0 such that ∫
Rd
e−2cρ(λ)|f̂(λ)| dλ
(2pi)d
<∞. For every y > 0, we have
by Doob’s maximal inequality and (3.1) that
Pδx
(
sup
cn≤t≤c(n+1)
e−(
β
2
+ε)teρ(λ)t|Wt(λ)| > y
)
≤ Pδx
(
sup
cn≤t≤c(n+1)
|Wt(λ)| > ye−(ρ(λ)−
β
2
−ε)cn
)
≤ y−2e2(ρ(λ)−β2−ε)cnEδx
[|Wc(n+1)(λ)|2]
≤
{
y−2e2(ρ(λ)−
β
2
−ε)cn (1 + 2c(n + 1)α) , 2ρ(λ)− β ≥ 0;
y−2e2(ρ(λ)−
β
2
−ε)cn [1 + 2c(n + 1)αe−(2ρ(λ)−β)c(n+1)] , 2ρ(λ)− β < 0.
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Since 2ρ(λ) − β ≤ ε, 2ρ(λ)− β − 2ε < −ε,
Pδx
(
sup
cn≤t≤c(n+1)
e−(
β
2
+ε)teρ(λ)t|Wt(λ)| > y
)
≤ y−2e−εcn [1 + 2c(n + 1)α] e−2(ρ(λ)−β)c.
Using Lemma 3.4 by taking η = e−
cnε
2 , we get
Eδx
[
sup
cn≤t≤c(n+1)
e−(
β
2
+ε−ρ(λ))t|Wt(λ)|
]
≤ e− cnε2 + [1 + 2c(n + 1)α]e− cnε2 e−2(ρ(λ)−β)c
≤ C1(n+ 1)e−
cnε
2 e−2ρ(λ)c.
Then
Eδx
[
sup
cn≤t≤c(n+1)
e−(
β
2
+ε)t|I3(t)|
]
≤ Eδx
[ ∫
Rd
sup
cn≤t≤c(n+1)
e−(
β
2
+ε−ρ(λ))t|Wt(λ)||f̂ (λ)|dλ
]
≤ C1(n+ 1)e−
cnε
2
∫
Rd
e−2cρ(λ)|f̂(λ)|dλ
≤ C2(n+ 1)e−
cnε
2 ,
where C1, C2 are constants. Hence
Eδx
[∑
n
sup
cn≤t≤c(n+1)
e−(
β
2
+ε)t|I3(t)|
]
<∞.
Choose δ such that β − δ ≥ β2 + ε, i.e., δ ≤ β2 − ε, this proves (3.5).
Next we shall show that if 0 < δ < ε2 ∧ β, we have
Pδx [ lim
t→∞ e
−(β−δ)tI2(t) = 0] = 1. (3.6)
For each t ≥ n and every y > 0, by Doob’s maximal inequality and (3.3),
Pδx
(
sup
n≤s≤t
|Ws(λ)−Wn(λ)| > y
)
≤ y−2Eδx [|Wt(λ)−Wn(λ)|2] ≤ Ay−2e−εn.
Applying dominated convergence theorem, we have
Pδx
(
sup
n≤t<∞
|Wt(λ)−Wn(λ)| > y
)
≤ Ay−2e−εn,
therefore
Pδx (|W (λ)−Wn(λ)| > y) ≤ Ay−2e−εn.
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Further we have
Pδx
(
sup
n≤t<∞
|W (λ)−Wt(λ)| > y
)
≤ Pδx
(
sup
n≤t<∞
|Wt(λ)−Wn(λ)| > y
2
)
+ Pδx
(
|W (λ)−Wn(λ)| > y
2
)
≤ A′y−2e−εn.
Using Lemma 3.4 in Watanabe (1967) by taking η = e−
ε
2
n,
Eδx [ sup
n≤t<∞
|Wt(λ)−W (λ)|] ≤ A′′e−
ε
2
n
for some constant A′′ independent of n. Then
Eδx
[
sup
n≤t<n+1
e−(β−δ)t|I2(t)|
]
≤ Eδx
∫
2ρ(λ)−β≥ε
sup
n≤t<n+1
(
|Wt(λ)−W (λ)|et(ρ(λ)−β+δ)
)
f̂(λ)dλ
≤ Eδx
∫
2ρ(λ)−β≥ε
sup
n≤t<n+1
|Wt(λ)−W (λ)|en(ρ(λ)−β)eδ(n+1)f̂(λ)dλ
≤ A′′1e(δ−
ε
2
)n
∫
2ρ(λ)−β≥ε
en(ρ(λ)−β)f̂(λ)dλ
≤ A′′2e(δ−
ε
2
)n,
where A′′1 and A
′′
2 are positive constants independent of n. Hence,
Eδx
[∑
n
sup
n≤t<n+1
e−(β−δ)t|I2(t)|
]
<∞.
We get the desired result from (3.5) and (3.6) by taking 0 < δ < ε2 ∧ (β2 − ε). 
In the sequel we will frequently use the notation “f(t) ∼ g(t), t → ∞”, which means that
limt→∞
f(t)
g(t) = 1.
Theorem 3.2 Assume α, β are positive constants. For every x ∈ Rd and every f ∈ Cc(Rd), we
have
lim
t→∞
〈Xt, f〉
eβtt−
d
2
= (2pi)−
d
2
∫
Rd
f(x)dx ·W (0), Pδx − a.s.
where W (0) is the Pδx-almost sure limit of e
−βt〈Xt, 1〉.
Proof. We may set ε < β3 . If f ∈ A , by Theorem 3.1, then as t→∞,
〈Xt, f〉
e(β−δ)t
∼ 1
(2pi)d
∫
2ρ(λ)−β>ε
W (λ)et(ρ(λ)−β) · eδtf̂(λ)dλ
=
1
(2pi)d
∫
ρ(λ)−β>−ε
W (λ)et(ρ(λ)−β) · eδtf̂(λ)dλ
+
1
(2pi)d
∫
ε−β
2
≤ρ(λ)−β≤−ε
W (λ)et(ρ(λ)−β) · eδtf̂(λ)dλ.
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By Proposition 3.2, W (λ) is continuous on Λε := {λ : 2ρ(λ)− β ≥ ε}, hence
1
(2pi)d
∫
ε−β
2
≤ρ(λ)−β≤−ε
W (λ)et(ρ(λ)−β) · eδtf̂(λ)dλ→ 0, as t→∞.
Therefore
〈Xt, f〉
e(β−δ)t
∼ 1
(2pi)d
∫
ρ(λ)−β>−ε
W (λ)et(ρ(λ)−β) · eδtf̂(λ)dλ, as t→∞.
Since W (λ) and f̂(λ) are continuous in λ and ρ(0) = β, for sufficiently small ε, we have
〈Xt, f〉
eβt
∼ 1
(2pi)d
∫
β−ρ(λ)<ε
et(ρ(λ)−β)dλ ·
∫
Rd
f(x)dx ·W (0)
∼ 1
(2pi)d
∫
Rd
et(ρ(λ)−β)dλ ·
∫
Rd
f(x)dx ·W (0), as t→∞,
when deducing the second ∼, we have used the fact that∫
β−ρ(λ)≥ε
et(ρ(λ)−β)dλ = o
(∫
Rd
et(ρ(λ)−β)dλ
)
, as t→∞.
Consequently, for f ∈ A ,
lim
t→∞
〈Xt, f〉
eβtt−
d
2
= (2pi)−
d
2
∫
Rd
f(x)dx ·W (0).
An application of Lemma 2.1 gives the desired result for f ∈ Cc(Rd). 
Remark In fact, Lemma 2.1 holds for every bounded Borel measurable function f on Rd
whose set of discontinuous points has zero Lebesgue measure, so does Theorem 3.2. The Law of
large numbers for super-Brownian motion had been proved in Engla¨nder (2008), the following
corollary gives the strong one.
Corollary 3.1 (Stong law of large numbers) Assume α, β are positive constants. Then for
every relatively compact Borel subset B in Rd with positive Lesbegue measure whose boundary
has zero Lebesgue measure, we have Pδx-almost surely,
lim
t→∞
Xt(B)
Pδx [Xt(B)]
=W (0).
Proof. Note that
Pδx [Xt(B)] = e
βt
∫
Rd
1B(y)pt(x, y)dy
= (2pit)−
d
2 eβt
∫
Rd
1B(y) exp
{
−|y − x|
2
2t
}
dy
∼ (2pi)− d2 t− d2 eβt
∫
Rd
1B(y)dy, t→∞.
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Take f(x) = 1B(x) in Theorem 3.2,
lim
t→∞
Xt(B)
Pδx[Xt(B)]
= lim
t→∞
Xt(B)
(2pi)−
d
2 t−
d
2 eβt
∫
Rd
1B(y)dy
= W (0).

For the case that α and β are spatially dependent functions in Cη(Rd), α is bounded and
positive, and β is compactly supported, we have the following result.
Theorem 3.3 Let L = 12∆. For every β ∈ Cηc (Rd), assume λc = λc(β) > 0. Then there exists
Ω0 ⊂ Ω of probability one (that is Pδx(Ω0) = 1 for every x ∈ Rd) such that, for every ω ∈ Ω0 and
every bounded measurable function f on Rd with compact support whose set of discontinuous
points has zero Lebesgue measure, we have
lim
t→∞ e
−λct〈Xt, f〉 =Mφ∞
∫
Rd
f(x)φ(x)dx.
where Mφ∞ is the almost sure limit of e−λct〈Xt, φ〉, φ is the normalized positive eigenfunction of
L+ β corresponding to λc.
Remark This is an immediate consequence of Chen et al (2008). Note that, β is assumed to be
compactly supported so it is a Green-tight function for Brownian motion, i.e., β ∈ K∞(ξ), see
Chung (1982, p128). For the definition of Green-tight function, the reader is refereed to Zhao
(1993).
Under the assumption that λc > 0, the results of Chen et al (2008) imply immediately
that the associated Schrodinger operator L+ β has a spectral gap and has an L2-eigenfunction
corresponding to λc, and the strong limit theorem holds.
4 Examples
In this section we will give an example to show that the main results also hold with some
subdomains in place of Rd.
Let D = {(x1, x2, · · · , xd) ∈ Rd;xd−i+1 > 0, xd−i+2 > 0, · · · , xd > 0}. Let ξ be a Brownian
motion on D with absorbing boundary and let X be a super-Markov process on D corresponding
to the operator 12∆u+βu−αu2 where α and β are positive constants. In this case, the transition
density for ξ is
pt(x, y) = (2pit)
− d
2
d−i∏
j=1
(
exp
{
−(yj − xj)
2
2t
}) d∏
j=d−i+1
(
exp
{
−(yj − xj)
2
2t
}
− exp
{
−(yj + xj)
2
2t
})
and we take
ϕλ(x) =
d−i∏
j=1
eiλjxj
d∏
j=d−i+1
sinλjxj
λj
,
12
ρ(λ) = β − 1
2
|λ|2.
For f ∈ Cc(D) and ĝ ∈ Cc(Rd), define the generalized Fourier transform by
f̂(λ) =
∫
D
f(x)ϕλ(x)dx
and
g(x) =
1
(2pi)d
∫
Rd
ĝ(λ)ϕλ(x)
 d∏
j=d−i+1
λj
2 dλ.
For each µ ∈ Mc(D) (the space of finite measures with compact support on D), according to
Theorem 1 of Engla¨nder and Pinsky (2006) with D instead of Rd, the superprocesses {Xt, t ≥ 0}
corresponding to Pµ possesses the compact support property. Thus, by similar cacaulations to
that in section 3, we have for every x ∈ D,
lim
t→∞
〈Xt, f〉
eβtt−
d
2
−i = (2pi)
− d
2
∫
D
f(x)
 d∏
j=d−i+1
xj
 dx ·W (0), Pδx − a.s.
where W (0) is the Pδx-almost sure limit of e
−βt〈Xt, 1〉.
Similarly it can be checked that Theorem 3.2 also applies to the examples in Watanabe (1967)
with branching Brownian motion replaced by super-Brownian motion on some subdomains in
R
d with absorbing boundary.
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